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My story is similar to tha t of ma ny other mathema-
ticians now approaching the last decade of their
professiona l lives . We were educated in the '60s by a
mathematics faculty feeling the mandate of the
Sputnik era for training ma thematicians and scien-
tists and encouraged by considerable financial
support. The search for Ph.D. candi dates brought an
increase in rigor in ma thematics courses and an
expansion in the number of graduate programs.
We were taught almost exclusively by the lecture
method; the professor tra ns ferred his notes to the
blackboa rd and the students dutifully copied them
down, usually w ith little interaction on the spot,
hoping to answer the ir questions on their own by
studying the notes and whatever related ma terial
they could find. If they developed discussion
groups with other students, they were lucky, for
mathemat ics was a solitary activity, eve n a competi-
tive activ ity, especia lly on the undergraduate level.
The di scu ssion groups developed more na turally in
graduate school; at the Ph .D. level, ma thematical
research and personal in terchange with the thesis
advisor and other Ph .D. st udents enlightened the
candidate as to how mathematics was rea lly done
by the professionals.
I had been attracted to mathematics in the eighth
grade w hen I di scovered that I liked solving story
problems. Though my school courses emphasized
story problems less and less, I continued to do story
problems just for fun w hen I ran across them. It was
during high schoo l that I began collecting ma th-
ematical puzzles and p roblems.
When I was about fourteen, I became fascinated by
the coconut problem (1} that I found in a desk
encycloped ia at m y gra nd father 's house . It was a
story of five men on a trop ical island who spent all
day gathering coconuts. At the end of the day they
had a large stack, bu t be ing too tired they decided to
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wa it until morning to divide them up. During the
night one of the men awoke and decided to take his
sha re right then . He coun ted the coconuts, finding
one more than a m ultiple of five, tossed the extra
coconut to a monkey, and took one fifth of the rest.
He hid them and then went back to sleep . Later,
each of the other men awoke in tum ; each decided
to take his share then, found one more than a
multiple of five, tossed the extra coconut to the
monkey, and took a fifth of the remainder. In the
morn ing the stack was greatly red uced, but no one
sa id any thing. They counted the coconuts and aga in
found one more than a multiple of five, tossed the
extra coconut to the monkey, an d each took one fifth
of the res t. The question was, what is the least
number of coconuts that could ha ve been gathered?
I pu zzled over the problem mightily, and waded
enthusiastically bu t laboriously through the gener-
alized solution presented. Though it involved
algeb ra and number theory at the limit of m y
understanding, I was undaunted.
When I wa s a senior in high school, my cousin Bob
was a freshman at Caltcch. I had admired his Intel-
lectual prowess to an extent and w rote to him about
my applying at Caltech, too. In his reply, he men-
Honed something hi s high school math teacher had
told him the year before; why he mentioned it or
what it involved I don't remember, but he used the
expression 2n + 1 to represent an odd integer. I do
remember being completely amazed that suc h a
simple thing could be so powerful and so genera l.
From then on, mathematics was my major.
As I progressed throug h the study of mathematics, I
liked it increasingly because it became more and
more like solving story p roblems. In undergraduate
topo logy, for example, the entire point of the course
seemed to be discovering why a theorem w as va lid;
we spent our time not only finding solutions 0 . e.,
pr oofs), but explaining them to each other. Graduate
mathematics was more of the same, and research for
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the Ph.D. was nothing but problem-solving. Not
that it was applicable to anything in the "real
world" sense, but tackling tough prob lems of any
sort brought on the th rill of the chase, as it were,
and solving tough problems resulted in a genuine
"h igh" different from any othe r.
When I began to teach, I tried to sha le with my
students the thrill of so lving p roblems, but the way
I had been taught (which was the source of most of
m y teachi ng strategies), the textbooks available, and
the lack of time to deviate from the syllabus pre-
vented me from really communicating that thrill to
m y students with any degree of success. In effect,
During the academic year 1986-1987, of the
approximately 300,000 students who began the
stUdy of mainstream calculus inAmerican colleges
anduniversities, only 140,000 completed the
year·longsequence with grades of Dor better.
teachers at the undergraduate leve l were con-
strained to leave out the real prob lem-solving
aspects of mathematics: all we taught was prelude
to the rea l ma thematics to be done, an d consisted of
symbol mani pulation ru les and roc-pes for solving
template problems. Our material and approach
were still designed to bring potential PhD. candi-
dates to the forefront; students not ma joring in math
becam e more and more of a "load" to whom we
pa id less and less atten tion .
As I taug ht mathematics, I gradually became aware
of some of its history, someth ing tha t had not been
part icularly fashionab le at the times or places of my
formal ed ucat ion. When I was ass igned to teach the
math history class out of Eves ' book [2], I was
amazed at the qu antity of rich information of which
I previousl y had been totally unaw are. The history
class led me to us e a collection of articles rep rin ted
from Scien tific American, ed ited by Morris Kline [3],
as tex t for a sophomore semina r. Statements in
Kline's introductions to the sec tions led me to
expl ore the natu re of mathematics. As I discu ssed it
with othe rs, we came to the conclusion tha t we
di dn' t really know what ma thematics was, beyond
the fact that it was what mathematicians did.
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We knew mathematics was not a description of the
"real world"; that had been settled in the middle of
the nineteenth century by the development of non-
Euclidean geometry. When Cayley and Klein
showed that hyperbolic and elliptic geometries were
just as consistent as Euclidean geometry, the ques-
tion arose as to which was a description of the real
universe. The profession as a whole gradually came
to the conclusion that none of the three need be
"t rue" of reality; soon mathematics became inde-
pendent of the physical universe in the minds of
mathematicians.
On the other hand, mathematics w as not just an
elabora te logical game tha t existed only in the mind,
for how then could it at tract the attention and
enthusiasm of serious scho lars? Whi le some claimed
that Russell and Wh itehead had shown that all of
mathematics could be derived from the clear blue of
pure logic, it also had an "unreasonable effective-
ness" [4] in predicting rea l-world phenomena. Each
working ma thematician felt that ma thematics was
somehow "out there," external to himself, but he
was never quite sure whether his mathematics was
discovered or invented . Someone suggested that
ma thematics was "composed," but that no tion
failed to gai n any currency.
Dur ing the decades of the '70s and '80s, enrollments
in mathematics classes, particular ly in calculus
courses, increased dramatically. At our ins titution,
the growth ra te w as about eight percent, com-
poun ded annually, and that under fixed-ceiling
enrollments overall. Most of that increas e consisted
of non-majors and there fore expanded the service
load . Burgeoning classes but constant resources
forced crea tive arrangements to meet the demand-
large classes, laborator y-based courses, and cheap
labor (TA's) were used widely. During the academic
year 1986- 1987, of the approximately 300,000
studen ts who began the study of ma instream
calculus in American colleges and universities, only
140,000 completed the year-long sequence with
grades of D or better [5].
Dur ing much of this time, I was working on my
own calculus text. I became convinced in the mi d
'70s that I could wri te a better book than the ones I
had to teach from; I finally succeeded in producing
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a "good boo k" in 1988. By that time, dissatisfaction
with the results of curren t strategies had produced
the Tulane conference of 1986 which spawned the
calcul us reform movement . Participa nts cited
unaccep tably high failure ra tes as a waste of hu man
potential. tradition-bo un d text ma terials, and
concerns wit h the way students learn as reasons for
paying attention to the way ma thematics, particu-
larly calculus, wa s tau ght.
In 1988 the first symbol-ma nipulating calculator hit
the scene; from the centennial banq uet of the Ameri -
can Mathema tical Society, 1500 mathematicians took
home a new toy that wo uld not only do arithmetic
but would manipulate algebraic expressions, draw
graphs, and differentiate and integrate as well.
Many professors began to see that the new techn ol-
ogy would ha ve a p rofound effect on the way they
taught. Several professors reported that the new
technology cou ld easily pass the previous
semes ter 's calculus final.
I first began experimenting with computers in my
math classes in 1983, but lack of resources prohib-
ited any large-scale or permanent effort. 1began to
see what technology in the hands of students would
do to the way ma thematics was taught; my vision,
limited though it was, became possible when
studen ts could arm themselves with the HP28S. By
1989 I was using the calculator freely in my classes
and allowing my students the same privilege.
Much experimentation showed that there were
ways to use the technology that greatly enhanced
the acquisition of concepts. For example, the calcu-
lator could produce a dozen good graphs in the
time it used to take for the student to produce a
single decent graph; consequen tly, graphical proper-
ties became intui tive and were mu ch more easily
applied to the ana lysis of functions. The graph itself
wa s no longer the point. The same could be said for
many algorithms; by turning over to the technology
the drudgery it could do we ll. the student was freed
to think abou t what it all meant and how it applied
to solving problems. The technology could also
compress time; in a single class period, second-
semester calcu lus students could start with the
Riem ann sum defini tion of the definite integral and ,
by observing what wa s happening to errors, could
guess for themselves the trapezoidal and Simpson 's
ru les.
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In 1990, my publisher told me to start thinking
about a second edition of my calcul us book. When
colleagues invited me to attend a workshop at
Harvard in May of 1991 on teaching calculus, I
consented to go along to see what 1could pick up
for my book, Just before we went. my: publisher
informed me they had changed their minds abou t a
second edition; previous sales d idn't warran t it.
When 1got to the worksho p and saw the
prepublication version of the "Harva rd calculus," I
was forced to ad mit to myself that 1had come upon
a better way to teach calculus. Here was a wh ole
calculus book based on the idea of problem -solving
the way 1had approached it and loved it as a stu-
dent but had failed to pass on to the stu dents in my
classes or to incorporate well into my textbook. I
qui t using my own book that Fall and began class-
testing the Harvard materials. 1also requi red my
students to obtain and use HP48S calculators.
My experiences in teaching tha t year are almost
indescribable. 1was totally unprepared for the
en thusiasm with which students atta cked the new
materials. Their love of the technology was as-
tound ing. But the thing that surprised me most was
the sense of community that de veloped and the
amazing amount of ma thema tics tha t the stu dents
did as I joined them in learning the calcul us from a
new approach. I pretty much quit lecturing and
used a great deal of collabora tive learn ing in small
groups; as I moved aroun d among the groups. I
found myself gaining insights righ t along with
them . I saw more mat hematics being done by far
than wh en 1was the only performer.
Feedback was immediately positive. Students
reported feeling mu ch less an xiety and much more
self-confidence than was reported the year before by
very similar students. One young woman reported
being in a chemistry class when the ins tru ctor
started putting up a problem of a type that she
recognized from calculus. She whipped out her
calculator and had the problem finished long before
the instructor finished p resenting it. She said that
what pleased her most was the incred ulous looks on
the faces of the young men sitting around her; her
self-confidence grew by leaps and bounds.
I later taped a conversa tion among seve ral of the
students about their experiences in the class. Con-
cern ing their work in groups, the y said :
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Teresa: "Working in a grou p was a different experi-
ence for me because you're getting different
people's op inions on ideas and you realize tha t
mathem at ics is not just a set, defined patt ern- that
there are d ifferent ways to look at things. It was
hard for me to get used to that setting- that every-
one looks a t ma th in a different light."
Kari: "Sometimes when we'd be working on our
problems, you'd come to a point where you
couldn't figure it ou t-you're stuck and you can't
see any way out of it. Someone may say something
and it triggers something in your mind and you can
go from there and figure ou t the rest of it. You need
tha t litt le help that somebody else can give to you."
Kristin: "The thing I enjoyed about the group work
even beyond the concep ts was the people that we
worked with , because that created a foundation for
a study group so that outside of class we could get
together and work on ass ignmen ts. The group work
was especially fun, with (the instructor 's] help to
keep our ideas going...."
Kari : "Your ideas get a little bit more in depth when
you're working wi th a group, too, because everyone
sees differen t details...and it all comes together and
you see the detailed , whole picture. "
Chad : "I think that group work was very essential
in the who le process of learn ing wha t we learn ed
last yea r in calculus."
Monica : "It wasn 't individ ual learning at all...but it
was just the class learning together. Everybody
worked together and if one person didn't under-
stand, three or four people would help until they
did. It was a community, I guess.... We all got to be
really good friend s. 1 think most of us were fresh-
men and most of the best friendships we made were
from that class ."
Concern ing the use of the calcu lators:
Monica: " I was scared to death of that calcu lator
when we first got it. I don't like computers, I d on't
want to like them, and I was really not hap py to
have to ge t the calculator."
Chad: "All I could think of was the price, and it was
a different way of using a calculator also because it
uses reverse Polish logic and so it was difficult to
adapt..., but I learned . I had so much fun using tha t
calculator after getting over the init ial shock. ... I
realized that this thing could do so mu ch more and
it was so much easier to do my homework with ...."
Monica: "Even thou gh it's a calcula tor and it does
rote manipulations and calculations, I thought more
because the calculator wa s there. As I was using it,
my mind wo uld be clickin g just as fast , or more so,
tha n if I'd been doi ng it on paper. Using the calcula-
tor made me think about problems a lot more."
Teresa: " In any sort of problem the HP would
basically ana lyze it and do the work for you so you
could take it one step higher and say, 'OK, what is
actually going on here?' You could look at the
graphs and say, 'OK, I've got this graph now; wha t
is taking place?' and you didn 't have to sit there and
graph it out all by yourself..."
Duri ng the ensuing summer, four of the students let
me know that they had changed their majors to
mathematics; such a thing had never happened to
me before.
Not everything went smoo thly, but I wa s happy to
see that most of my worries about changing my
teaching habits were unnecessary. One prominen t
worry had been giving up control in the classroom.
(Perhaps I had only imagined I had control before,
and the students had been merely passive.) I had
already been aw are that when students have tech-
nology in their hands, they aren 't listening to you
talk, but arc off on their ow n, doing things you
never thou ght of. I d iscovered that the best way to
get them back was to use interesting material that
they perceived as relevant and for which they felt
responsible. I turn ed ou t to be quite happy to
relinquish control, turning it over to the ma terial.
THOUGHTSABOUT MATHEMATICS
These expe riences have led me to think deeply
about how students meet mathematics and how it
ought to be presented to them. They have caused
me to qu estion the very nature of mathematics and
have enabled me at long last to see how it is that I
approach mathemati cs.
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Historically, developments in what we now rega rd
as elementary ma thematics came about through the
efforts of non-mathema ticians to understand some
aspect of the world around them. The developers of
algebra were just playing around with numbers,
try ing to outdo each other with clever puzzles;
Fibonacci was one of the foremost. Trigonometry
was just a tool develop ed by astronomers. Newton
was really a physicist who developed the calculus
into a usable tool in order to understand motion
and gravity. Maxwell developed the calculus of
vector fields in an attempt to un derstand electric
fields .
In each case, a "real world" problem presented itself
and the tools of logical analysis were applied to it.
Assumptions were made about the problem to
make it more tractable, and order arose out of the
assump tions. Techniques were developed for
handl ing the order and drawing from it a predi ction
about the situation . The ent ire process was called
mathematics.
Graduall y, it was no ticed that the same process of
logical analysis could be applied to the perceived
ord er itself , independent of the real situation.
Modern abstract mathematics thus came into being.
As the mathematics was refined, it drifted ever
further in the mind s of its practitioners from the real
situations which had first given rise to it. Thus by
the middle of the nineteenth century, mathematics
had come to be define d as the abstract study of
order or pattern, taught in a manner progressively
axioma tic and devoid of physical content.
As a result, elementary ma thematics has been
taught for more than a century as a p urely logical
disc ipline, consis ting of rules for ma nipulating the
symbols tha t came to represent ideas. Becau se it is
thus d ivorced from "reality," many stu dents of
ma thematics regard their experiences as stultifying
at best and mysti fying more often than not. Most
students do not surv ive in mathematics long
enough to discover that the way mathema tics is
taught is no t the way mathema tics is done.
Mathema ticians know that when they do their
work, they are us ing logical analysis to understand
the world around them, even if it is just the artificial
and specialized world of mathematics. When they
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refer to mathema tics, they include the though t
processes they use in solv ing research problems,
every bit as much as the bod y of kn owled ge cons ist-
ing of all the manipulation rules, identi ties, and
techniques that they wish their students knew. But
in teaching elementary mathematics to beginning
students, they never invite the stud ents to use those
same reasoning processes. It is not because, for
Many students of mathematics regard their
experiences asstultifying at best and mystifying
more often than not. Most students do not
survive inmathematics long enough to discover
that the way mathematics is taught is not the way
mathematics isdone.
beginning students, there is nothing appropriate to
which to apply such reasoning proc esses, but .
because it has been forgotten that mathematics is
every bit as much a process as it is a body of know l-
edge.
This lead s me to a point of view of mathematics that
seems to be valid . Both historically and as research
mathematics is done tod ay, ma thema tics is a means
of dealing wit h the order that we see in the world
around us.
Some remarks about this po int of view are in order.
I say "a means of dealing with the order" because
thought processes are so varied as to defy any more
specific categorization when taken in the aggrega te.
When one is wrestling with a prob lem, there are no
holds barred and one catches as one can. The only
criterion is tha t there should be some convincing,
logical explanation afterward , even though most
insights come from highly illogical combinations .
I say "the order that we see" because it is our per-
cep tions to which we apply reasoning, no t what is
actua lly there. The traditional langua ge is that a
mathema tical mod el is construc ted and reasoning is
app lied to the model; in this language, mathematics
is first of all modeling. Moreover, the "orde r" that
arises from a situation is often the result of our
assumption s, condi tioned by previou s experience.
When shown a series of pic tures of a cat in varying
poses, some see only ma ny pictures of a cat while
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others see the cat in motion and can even ascribe
velocity and acceleration to it; those who see only
many poses tend to lose interest qu ickly, while those
who see motion find a myriad of things to analyze.
Human beings seem to need their perceptions of a
situation to "make sense" if the situation is to be
regard ed at all. They are even willing to make
un realistic assumptions in an effort to understand.
Thus we analyze a situation accord ing to the way
we cons true it; it may or ma y not be an accurate or
useful rep resentation of reality. This basic un cer-
tainty about our understanding of reality is what
keeps most of us interested in learning about the
universe.
When I refer to " the world around us ," I mean
whatever attracts our att ention . The process of
ma thema tical ana lysis can be applied to any subject
whatever, concrete or abstract. These da ys, the
"scientist" tends to focus on some aspect of rea lity
while the "mathematician" typ ically focuses on
some aspect of an abstraction. In actua lity, the
scienti st is also dealing with an abstraction; the
main difference is the frequ ency with which the
resea rcher checks with reality.
THOUGHTS ABOUT TEACHING MATHEMATlCS
This point of view of the na ture of mathematics has
what I think are profound implications for the
teaching of mathematics at least through calcu lus. If
we want a catch phrase for it, I think we could say,
"Mathematics is a process; to introd uce students to
mathematics, we must engage them in the process."
The process, of course, is dealing with the order that
we see in the world around us .
People are scientists a t heart, in tha t they seek to
understan d the events that go on around them so as
to predict and control (or at least be prepared for)
future events [6J. To ass ist themselves in the pro-
cess, they construc t theories into wh ich they seek to
organize and understand the mass of informa tion
impinging on them. The information comes no t as
facts but as perceptions; thus peop le deal with the
world as they cons true it or as they believe it to be.
Insofar as the ir theories invol ve quantity, order, and
pattern, they can deal with their perceptions ma th-
emat ically.
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In teaching mathematics, I believe we should
capitalize upon the natural scientific tendencies of
each student. We should begin with the process of
logical analysis of problems, not with the body of
manipulation rules and recipes. Mathematics is first
the process; the ru les come later, both historically
and in the solving of research problems. If we begin
with the process , it will be much more clea r to the
student that reasoning and analysis are what mat h-
ematics is all about, not merely memorizing formu-
las.
The problems to which the beginning student
applies logical reasoning mu st be in the world of the
student's interest , not in some artificial world
someone else creates. If not so, there is no mo tiva-
tion; we know well tha t telling a student to be
motivated does no t make it happen in most cases.
Mathematics is at base asocialactivity; work can
proceed individually, butnever ina vacuum, and
it is never complete until shared.
This means that problems at first must come from
what the student perceives as the real world; as the
student gains success in ana lyzing situations, the
process of abstracti on becomes dearer as we point it
out and eventu ally the stude nt's attention can be
turned to the abstraction itself. This applies to the
beginning stu dent at any level, as much to the
beginning stu dent of calcu lus as to the beginn ing
student of counting or arithmetic.
Moreover, much of the process is in communication
of ideas. Forcing students to work in isolation is not
only contrary to the wa y in which mathemati cs is
created bu t often insures tha t the student will fa il to
learn . Allowing, indeed requi ring, the student to
communicate with peers helps to correct, refine, and
solidify concepts and introd uces the studen t to
many more ideas than he or she is able to imagine
alone. Mathe matics is at base a social activity; work
can proceed individually, but never in a vacuum ,
and it is never complete until shared.
If the student develops the abili ty to solve problems
by thinking deeply and productively about certain
key problems, it is not necessary for the student to
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see a recipe for the solution of every problem that
was ever solved . Remember the ada ge, "Teach a
man to fish...." Each mathema tical subject has its
key problems; in fact, each discipline to which
mathem atical reasoning can be applied has its key
problems illust rating tha t application. A student
who has thought deeply about some key ideas and
is armed with logical reasoning will always out-
perform the student with a book of recipes .
The wise use of technology can be a grea t aid to the
learning of mathematics. Current gra phing calcula-
tor technology, for example, allows for mul tip le
representations of concepts, powerful visualization,
the compression of time, ease with experimentation,
and the elimination of much drudgery. We should
tum over to the techn ology the rules and recipes ,
things computers do very well, and get on with the
thinking process. After all, if a calculator can do it, is
it really thinking?
Unwise use of technology would include using a
comp uter as a "black box." The student should
never be programmed simply to push the right
keys; only after an algorithm is completely under-
stood is it appropriate to rely on the computer to
perform it. On the other hand, once an algorithm is
und erstood , we can save a lot of time and get on to
the higher-level thin king we value by using the
technology freely; the fact tha t the teacher or the
student's parents did it "by hand" for years implies
no particular virtue in the student do ing so .
The biologists have a heur istic point of view tha t
"ontogeny recapi tu lates ph ylogeny," meaning that it
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is helpful to view the developing embryo as pro-
gressing through the stages of evolution of that
species. The same idea , applied to the ind ividual
student, wou ld be "ed uca tion recap itulates civiliza-
tion ." I believe that students of mathem atics should
re-create for themselves the development of elemen-
tary ma thema tics, time-compressed by the appro-
pria te use of technology and by the wise choice of
problems to analyze. The challenge to mathemat ics
educators is now to select those problems and
promote their ana lysis so as to engage the student
fru itfu lly in the mathematical process.
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